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ABSTRACT. Recent results by Keller and Nicolas and by Koenig and Yang have shown bijective 
correspondences between suitable classes of t-structures and co-t-structures with certain objects of 
the derived category: silting objects. On the other hand, the techniques of glueing (co-)t-structures 
along a recollement play an important role in the understanding of derived module categories. Using 
the above correspondence with silting objects we present explicit constructions of glueing of silting 
objects, and, furthermore, we answer the question of when is the glued silting tilting. 

1. Introduction 

Keller and Vossieck established in lfT8ll a bijection between bounded t-structures and equivalence 
classes of silting objects for the bounded derived category of modules over the path algebra over 
a field of a Dynkin quiver. Recently, this bijection has been extended by Keller and Nicols in IfTTll 
and by Koenig and Yang in |[T9ll for finite dimensional algebras over a field. Indeed, they show that 
such a bijection with silting objects exists exactly when we consider bounded t-structures whose 
hearts are length categories. It turns out that Keller and Vossieck's result is a corollary, since in 
finite representation type all hearts of bounded t-structures are length categories. Recently the 
notion of co-t-structures was introduced independently by Bondarko in and Pauksztello in ll23l . 
and a new correspondence between silting objects and bounded co-t-structures was proved in [flTl . 
This bijection will be central in our approach. 

Silting objects play, thus, a more general role than tilting objects. They describe all hearts 
which are length categories and these turn out to be precisely those which are module categories 
over some finite dimensional algebra over a field. This algebra, although not in general derived 
equivalent to the one we started with, is obtained as the endomorphism algebra of the silting object 
- just like in the tilting setting. Indeed, it is easy to observe that a silting object is tilting if and only 
if it lies in the heart of the corresponding t-structure. 

Glueing techniques with respect to a recollement, due to Beilinson, Bernstein and Deligne, have 
been intensively studied in [6]| for t-structures and, recently, in [9] for co-t-structures. This leads to 
the natural question of how to glue silting objects and which silting objects are glued from smaller 
ones. Indeed, recent work by the two first authors has shown that, in the piecewise hereditary 
case, all bounded t-structures with length heart are glued with respect to a non-trivial recollement 
ETTl . In this setting it is then clear that every silting object can be decomposed by this process into 
as many pieces as derived simple factors of the algebra (check [4] and [5] and for terminology). 
It turns out, however, that an answer to the problem of glueing silting objects can be given more 
easily when the focus is on co-t-structures rather than on t-structures. Our main result is as follows. 



The second and third named authors are supported by DFG - SPP Darstellungstheorie 1388. The authors would 
like to thank David Pauksztello for helpful remarks and thank David Pauksztello and Lutz Hille for a discussion which 
led to example [4.4l 
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Theorem (Theorem 13 . 1 1) Let %^be a recollement of a triangulated category T> of the form 

^ i* ^ jl 

J— > 

Let X and Y be respectively silting objects of X and y and (X>q,X<q) and (9So 7 y<o) be respec- 
tively the associated co-t -structure in X and y. Then the induced co-t-structure (2?>o, 2)<o) is 
associated with the silting object Z = i#Y @Kx, with Kx defined by the triangle 

UfeJjiX—tjiX^Kx — >• (i^>!i l jiX)[l}, 
where [3>i is a (non-functorial) choice of truncation for the co-t-structure (y>o,y<o) i n V- 

Furthermore, the question of when can we glue derived equivalences, i.e., tilting objects, comes 
as a particular setting of the general context of glueing silting. Similar constructions of tilting ob- 
jects have been discussed in [20J and [3J. In particular, we will show that the construction in is 
a particular case of ours. The following is our main theorem concerning tilting. 

Theorem (Theorem 1431) Let %^bea recollement of ( D= <D b {R) by X = <D b (C) and J = <D b (B), 
where R, C and B are finite-dimensional algebras over a field of finite global dimension. Let X 
and Y be tilting objects of X and y, respectively. Then Z = i*Y ®Kx is tilting if and only if the 
following conditions hold. 

(a) Hornby, = Ofor all k < -1; 

(b) Honhy{i*j*X,Y[k]) = Ofor all k < 0; 

(c) Hom<y(i*j*X, i*j*X[k]) = Ofor all k < -l. 

This paper is structured as follows. In the next section we discuss some preliminary results on 
recollements, t- structures, co-t- structures and silting needed for the later sections. In section 3 we 
show how to glue silting and we use this in section 4 to give necessary and sufficient conditions for 
the glued silting to be tilting. These conditions are particularly nice in the hereditary case and they 
are made explicit in section 5. Finally, in section 6, we make a few observations on the glueing of 
HRS-tilts with view towards a comment on the compatibility of silting mutation with glueing. 

2. Preliminaries 

Throughout, IK denotes a fixed algebraically closed field and R, B and C finite dimensional K- 
algebras. T^(R) will denote the bounded derived category of finitely generated right 7?-modules 
and 9t b (pro j-R) the bounded homotopy category of finitely generated projective right i?-modules. 
The symbols X, y and £> denote triangulated categories. 

2.1. Recollements. A recollement of (D by X and y is a diagram of six triangle functors 

^ i* ^ h 

(2.1) yJl^.q)— f -+X. 

V j* 

satisfying the following properties: 

(1) (i*,U),(u,i l ),(j\J*) are adjoint pairs; 
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(2) /*, j*, j\ are full embeddings; 

(3) r o = (and thus also j* 0^=0 and i* o j\ = 0); 

(4) for each Z E (D there are triangles 

iJ'Z — > Z — > j*j*Z — > j*i'Z[l] 

The following result allows us to change the sides of a recollement. 

Theorem 2.1. ([[81 propositions 3.6 and 3.7], [16 , proposition 5 and theorem 7]) 

Suppose (D has a Serre functor S. Then, both X and y have Serre functors (Sx and S<y respec- 
tively) and for any recollement %^ of the form rt2.il ), there are reflected recollements %j and ^ 
(the upper and the lower reflection, respectively) 



J i* 

where i# = S~ l i*S<y and j* — S x l j*S are left adjoints ofi* and j\ respectively, and 

j* i* 

%l: x^v^y . 

where i + = Si*Sg} and j + = Sxj*S~ l are right adjoints ofr and j* respectively. 

2.2. t-structures and co-t-structures. A torsion pair in D is a pair of strict full subcategories 
(£>', (D"), closed under taking direct summands and direct sums, such that 

(1) Hom^X, Y) = for all X G £>' and Y G <D"; 

(2) for each Z in £>, there is a triangle X -> Z -» Y ->■ X [1] where X G D' and Y G D". 
By definition, it is easy to see that 

£>' = {X G £> : Uom^XJ) = 0, V Y G £>"} =: ±f D", 

2/' = {y G T> : Hom2,(X,y) = 0, V X G £>'} =: 2/^. 

A t-structure in © is a pair (£>-°, £>-°) such that (£>-°, is a torsion pair and £>-° C D- 1 , 
where £>-" := <D^°[-n] and £>- n := £>^°[-n] for n G Z. The subcategory £>^° is called the £- 
aisle, and ©- is called the t-coaisle. The /zea/t £>-° fl f D- is always an abelian category. We say 
the heart is length if it has only finitely many simple objects and each object in the heart has finite 
length. A t-structure is said to be bounded if it satisfies 

(J D^ n = CD = [J D- n . 

neZ neZ 

For all n G Z, there is a right adjoint to the inclusion of the subcategory £>-" in CD, called 
truncation at n and denoted by %- n . Similarly, there is a left adjoint to the inclusion of £>- n , 
denoted by %- n . In fact, the triangle above can be written functorially, for any Z G CD as follows 

x^ Z^Z^x^Z^(x^ Z)[l]. 

Moreover, it is possible to define associated cohomological functors 

CD^° n £>-°, ff'"(X) = (x-'x-'X) [i] ,VX G £>. 
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If a t-structure is bounded then, for any object X e ©, H'(X) = for all but finitely many i e Z. A 
well-known example is the standard t-structure in (D b (R). The associated cohomological functors 
are given by the usual cohomology of complexes in (D b (R). 

Similarly, a co-t-structure in © is a pair (©>o, ©<o) such that (©>o, ©<-i) is a torsion pair 
and ©>o C ©>_i, where ©>„ := ©>o[— «] and ©<„ := ©<o[— «] for neZ. The subcategory ©>o 
is called the co-t-aisle, and ©<o is called the co-t-coaisle. The co-heart ©>o fl ©<o is not, in 
general, an abelian category, as in the case of t- structures, but it still has the structure of an additive 
category. A co-t-structure is said to be bounded if it satisfies 

(J D> n = © = |J D< n . 

neZ neZ 

Contrarily to t-structures, the triangle in the definition is not functorial. However, a choice of 
X E ©>o (respectively, of Y G ©<-i) as above will be denoted by [3>oZ (respectively, by (3<_iZ). 
A well-known example (see flU, Il23l0 is the standard co-t-structure in ^(proj-R). Here, the 
non-functorial choices of |3>oZ or |3<oZ for some object Z e %, {pro j-R) are usually given by the 
stupid truncations, consisting in setting suitable entries of the complex Z to be zero. 

It is known that t-structures and co-t- structures can be glued (or induced) with respect to a 
recollement. The same arguments can be used to prove the following result. 

Theorem 2.2. Let l^bea recollement of of the form riZTT ). Let (X', X") and (y', f") be torsion 
pairs in X and y, respectively. 

(1) There is a glued torsion pair (£)', D") in © defined by: 

(D' = {ze(D: fz e X', i*z ey'}, (D" = {ze(D: fz e x", vz ey"}. 

(2) ([El theorem 1.4.10]) If(X',X"[l]) and (y',y"[l]) are t-structures, then (£>', is 
a t-structure in ( D; 

(3) ([9, theorem 8.2.3]) If(X',X"[-l}) and (y', y"[-\]) are co-t- structures, then (£>' , <D"[1]) 
is a co-t-structure in (D. 

(4) (O, [I2TI . [|28l ) The glueing of bounded t-structures with length heart is a bounded t- 
structure with length heart. Also, the glueing of bounded co-t-structures is still bounded. 

If T> admits a Serre functor S, is a recollement of <D of the form (|2J} and (X-°,X-°) and 
(y~°,y~°) arQ t-structures in X and y respectively, then there are three naturally associated t- 
structures in £), obtained by glueing these with respect to %j and %- we will denote them by 
(£^°,£^°), (£>J°,£>g°), (©f°,©g°), respectively. Similarly, given co-t-structures (X> 0l X< ) 
and (y> , y< ) in X and y, we get three glued co-t-structures ( <D> , £>< ) , ( (D%, ©g ) , ( £>| , ©| ) . 

2.3. Correspondences with silting objects. An object Me ©is silting if Horn© (M,M[/]) = 0, 

for all z > and T) is the smallest triangulated subcategory containing M which is closed under 
direct summands, extensions and shifts. It is tilting if, in addition, Honi/p (M,M[{\) = 0, for all 
i < 0. We say that two such objects M and Af are equivalent if add(M) = add{N). The following 
result is a consequence of [1221 corollary 5.9] (see also [fT71 ). 

Theorem 2.3. There is a bijection between bounded co-t-structures in © whose co-heart is addi- 
tively generated by one object and equivalence classes of silting objects of ©. 

This bijection can be described as follows. 
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• Given a co-t- structure (2>>o, 2><o), the associated equivalence class is given by a silting 
object M which is an additive generator of the co-heart, i.e., 2>>o fl 2><o = add(M). 

• Given a silting object M E 2>, the associated co-t-structure is defined as follows: 2>>o 
is the smallest full subcategory closed under direct summands, direct sums and extensions 
containing {M[i] : i < 0}; similarly, 2)<o is the smallest full subcategory closed under direct 
summands, direct sums and extensions containing {M[i] : i > 0}. 

Theorem 2.4. (El, H9l theorem 7.1]). In U^{R), there are bijections between 

• the set of bounded t-structures in (D b (R) with length heart; 

• the set of equivalence classes of silting objects in K b (pro j-R); 

• the set of bounded co-t- structures in K b (pro j-R). 

Recall that R is of finite global dimension if and only if (D b (R) admits a Serre functor ([|S), 
[24]). Also, in this case, we have K b (proj-R) = D fo (7?) and, thus, the correspondence between 
t-structures and co-t- structures occurs in the same category. Under this assumption, the bijections 
of the theorem can be made explicit as follows (see [19, section 6] for details). 

• Given a t-structure (2>-°, 2>-°) in 2>*(i?), we can associate a co-t-structure (2>>o, 2><o) by 
taking 2><o = 2>-° and 2>>o = L( D-~ X \ In the language of 0, this is the left adjacent 
co-t-structure to the t-structure (2>-°, 2>-°). 

• Given a co-t-structure (2>>o, D<q) in (D b (R), we can associate a t-structure by taking 
2)-° = 2)<q and 2>-° = D<_{, In the language of [9], this is the right adjacent t-structure 
to the co-t-structure (2)>o, ©<o)- 

• Given a t-structure (2?-°, ©- ) in (D b (R), the associated silting object is the direct sum of 
the indecomposable Ext-projective objects in the aisle, i.e., the objects X of £>-° such that 
Hom^^Ffl]) = for all Y e £>^°. 

• Given a silting object M in £r(R), the associated t-structure is defined as follows 



Remark 2.5. If R is of finite global dimension, as before, then the co-t-coaisle £><o associated with 
a silting object M in U^{R) coincides with the aisle £>- associated with the same silting object. 
In other words, the co-t-structure associated to M is left adjacent to the t-structure associated to M. 

Remark 2.6. The structures glued from adjacent t-structures and co-t-structures are not directly 
related by adjacency, as observed by Bondarko [|9] remark 8.2.4.4]. Suppose, however, that © has 
a Serre functor and that (X>q,X<q) (respectively, (9So 5 9^o)) is a left adjacent co-t-structure to the 
t-structure (X- ,X- ) (respectively, (0 r ~°, r ~°))- Using the descriptions provided in theorem I2T21 
and the functors of theorem I2TI for a fixed recollement we have 



This means that the co-structure (f> , ^<q) glued by the upper reflected recollement %j is left 
adjacent to the t-structure (£>-,£>-) glued by the recollement Similarly, the t-structure 
(2^°, 2^°) glued by ^ is right adjacent to the co-t-structure (2>>o, 2><o) glued by 






{Z e 2) : j*Z G X^° = X<o, fZ e = y<o}. 
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Remark 2.7. A tilting object T in K^{pro j-R) yields equivalences between (D b (R) and & '(End(T)) 
and between %^{proj-R) and %^ {pro j-EndiT)) (see [25, theorem 6.4]). Under these equiva- 
lences, the t- structure and the co-t-structure associated to T in (D b (R) correspond to the standard 
ones in T) b {End{T)) and K b (proj-End(T)), respectively. 

2.4. HRS-tilts and silting mutation. There are mutation operations on both t-structures and silt- 
ing objects. Recall that the definition of a torsion pair in an abelian category is analogous to that 
of a torsion pair in a triangulated category, replacing the triangle axiom by a short exact sequence. 

Theorem 2.8. (031 proposition 2.1], flU proposition 2.5]). Let ('D- , be a bounded t- 
structure in a triangulated category T) with heart S\ and associated cohomology functors H l , i G Z. 
Suppose that (T, f) is a torsion pair in SI. Then 25 a t-structure in T>, where 

= {Ee(D: H\E) = 0, V/ > 0,H°(E) G T} 
<D^ 7) = {Ee<D: H\E) = 0, V/ < -\,H~\E) G 1} . 

The t-structure ^ j\) is called the HRS-tilt of (£>^°, £>^°) with respect to (f , f). 
The right mutation of (©- , £>-) with respect to a simple object S in its heart, SI, is defined by 

u + ( ( D-° 2)-°) — (T>-° <D-°) — (T>-° <D-° ) 

and its left mutation as 

On the other hand, silting mutation was introduced and studied by Buan, Reiten and Thomas in 
ffTTTl and, independently, by Aihara and Iyama in [1]. We recall its definition. 

Definition 2.9. Let M = X © Y be a silting object in U^[A) . The right mutation ofM atX, denoted 
by /-ix(M) is constructed as follows. Let X — > L be a left a dd(Y) -approximation of X and take its 
cone, say X. Then fx^(M) = X (BY. Similarly, the left mutation ofM atX is contructed by taking 
the cone, say X, of a right add(Y) -approximation of X, K — > X and taking /d^(M) = X © Y. We 
say that a mutation is irreducible if X is indecomposable. 

Theorem 2.10. ([19, theorem 8.1 1]). Irreducible silting mutations are compatible with the bijec- 
tions established in theorem \2?4\ More precisely, if Si , S n are the simple objects in the heart of a 
t-structure^- , (D-°) andX\, ...,X n are indecomposable Ext-projective objects in (D- such that 
Hom(X ; -, Si) ^ 0, for all 1 <i <n, then the aisles corresponding to the silting objects n~x (M) and 

1^. (M) are (D^ s and 0z $■ respectively. 

The question of whether these mutations are compatible with glueing is discussed in section 6. 



3. Glueing of silting objects 

The results in this section make explicit in a more general setting the bijection established by 
Aihara and Iyama in [1 , theorem 2.36]. More precisely, the theorem below shows how to glue two 
silting objects of X and y into a silting object of © with respect to a recollement of the form (12. It 
and compatibly with the bijection between silting objects and co-t- structures of theorem 1231 
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Theorem 3.1. Let be a recollement of (D of the form d2.il) . Let X and Y be silting objects 
corresponding to co-t-structures (X>o,X<o) and (9So,lX<o) in X and r > respectively. Then the 
induced co-t-structure (D>o, D<o) is associated with the silting object Z = i*Y ®Kx, with Kx 
defined by the following triangle 

i$>ii l j\X — y j\X — >K X — ► (i$>ii l j\X)[l], 

where f$>i is a (non-functorial) choice of truncation for the co-t-structure (O r >0:O r <o) in r - 

Proof. First observe that, since z* is a fully faithful functor, i*Y is partial silting and, moreover, it 
is easily checked to lie in the co-heart of the glued co-t-structure (2>>o, D<o)- 

Let us consider the following (non-functorial) triangle associated with the co-t-structure in y 

i*$>\i j\X — y iJj\X — y i*$<oi j\X — y (h$>\i ] j\X)[l] 

and the following universal triangle of the recollement (applied to j\X) 

i*v j\X — y j\X — y j*X — y (uvj\X)[\\. 

Hence, we get the following commutative diagram where the rows are triangles 

U$>\i j\X *- iJj\X >- i*$<Qvj\X >- {i*$>ii- j\X)[\] 

i£>ii l j\X jiX >K X (i*P>ii ! j!X)[l] 

i*vj\X >- j\X >- j^X >- (i*i-j\X)[i\. 

By the octahedral axiom, this can be completed to a commutative diagram 

i*$>li j\X ^ iJ j\X i^< i l j t X (i*$>ii l j\X)[l] 

" 

i$>ii ] j\X jX ~K X (i^>ii ] jiX)[l] 

iJj\X *~ j\X j*X *~ (iJ [ jiX)[l] 

U$<oi l j\X ^K x j*X (i*$< rj\X)[l] 

the rows of which are again triangles. We will now show that K x lies in the co-heart of ( 2)>o, D<o) • 
Indeed, it is clear that i$>ii j\X E D>\ and, therefore, (i$>\v j\X) [1] £ 2)>o- Clearly we also 
have that j\X E D>q and, thus, the second row of the diagram shows that K x E 2)>o- Similarly, 
i*$<oi j\X E 2)<o and j*X E 2)<o imply that Kx E £><o, proving that it lies in ©<o fl D>q. 

Finally, it is enough to observe that Z generates ( D. It is clear that i*Y and j\X generate © since 
X and Y generate X and f respectively and z* and j\ are fully faithful functors. But, by the second 
triangle of the diagram, j\X can be generated by Kx and an object in the image of z*, which is 
generated by i*Y . Therefore Z generates © and thus it is silting. □ 
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Remark 3.2. Note that the leftmost morphism i*$>ii-j\X — > j\X of the triangle in theorem |3T| 
corresponds to the chosen morphism P>ir j\X — >■ ij\X via the adjunction morphism 

Hom(i*$>ii j\XJ\X) — ^> Hom($>ii l j\X,i ] j\X). 

Remark 3.3. Note that, in the proof of the theorem, Z is not necessarily a basic silting object even 
if both X and Y are basic. We can, however, obtain a basic silting object in the respective co-heart 
by ignoring the multiplicities of the direct summands of Z. 

Similarly, we can describe a glueing of silting objects that is compatible with the bijection 
between silting objects and t-structures for T> = T> b {R), where R has finite global dimension. 

Corollary 3.4. Let HI be a recollement of ( D= ^{R) of the form riZTD . with X = <D h (C) and f = 
(D b {B) Let X and Y be silting objects corresponding to t-structures (X- ,X- ) and (y-°,y-°) 
in X and y, respectively. Suppose that R has finite global dimension. Then the glued t-structure 
£>-°) is associated with the silting object Z = j\X®Ky, with Ky defined by the triangle 

jia>u*i#Y — > i#Y ^K Y ^ (j,a>ij*/ # y)[l], 

where a>i is a (non-functorial) choice of truncation for the left adjacent co-t-structure of the 
t-structure (X-°,X-°) in X. 

Proof. This follows from the previous theorem by observing, as in remark 12.61 that £>< = (D- 
and that the left adjacent co-t-structure of a t-structure corresponds to the same silting object. □ 

The following definition settles what we will mean by glueing silting objects. As shown by 
theorem |3T1 it is more natural, in this setting, to consider co-t-structures rather than t-structures. 

Definition 3.5. Let ©, X, y be triangulated categories and ^ a recollement of the form (I2.ll ). We 
say that a silting object Z G (D is glued from X 6 X and Y E y with respect to ^ if Z is obtained 
by the construction of theorem 13.11 i.e., Z corresponds to the co-t-structure glued from the co-t- 
structures associated to X and Y with respect to 

The object Kx of theorem [3TT1 can be described in a non-constructive way as follows. 

Proposition 3.6. Let %^be a recollement of a triangulated category T> of the form ( I2.il) . Let X 

and Y be silting objects corresponding to co-t-structures (Jl>o,X<o) an d (9So 5 9<o) in X an d y, 
respectively. Let Z = i*Y © Kx G (D be the silting object glued from X and Y with respect to ^ 
compatible with the glued co-t-structure (D>o, 2)<o)- Then the following holds. 

(1) Kx is a right D>q n (D<Q-approximation of j*X; 

(2) Kx is a left £>>o H 'D<o-approximation of j\X; 

(3) Up to summands in D>q PI D<q, Kx is uniquely determined by the following conditions: 

(i) j*K x =X; 

(ii) i*K x G y> ; 

(iii) i [ K x g y< . 

Proof. To prove (1), let CG 5D>on©< and / G Hom £) (C, j*X) . Since (i*$< r j,X)[\] G ©<-i,it 
is clear that Hom£)(C, (i*$<oi j\X) [1]) =0 and thus, by using the defining triangle 

i*$<Qi j\X — > K x — Y j*X — > (i*P< i ! 7!X)[l], 

/ factors through Kx, proving (1). Analogously, (2) can be proven using the defining triangle 

i*$>li jiX — > j,X ^K x — )• (i^>ivj l X)[\]. 
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In order to prove (3) observe that, for any object L satisfying properties (i), (ii) and (iii), we have 
a canonical triangle coming from the recollement 

ijh — ► L — ► j*X — y iJ'L[l] 

and, since i*(y<o) Q ®<o, we have m ! L[1] G £><-i. Therefore, for any object C G D>q fl £><o, 
any map from C to j*X factors through L, proving that L is a right D>q D ©<o- approximation of 
7*X. Hence, by (1), L differs from Kx by a summand in ©>o fl £><o- □ 

4. Glueing of tilting objects 

In this section we investigate necessary and sufficient conditions for the glued silting to be tilting. 
These conditions will be expressed exclusively in terms of the functors of the recollement and of 
vanishing conditions on X and y rather than in ( D. In this section R has finite global dimension. 

Proposition 4.1. Let H^be a recollement ofD= ^(R) of the form ( 12771 ) with X = (D b (C) and 
y = £r(B). LetX and Y be silting objects of X and y, respectively. Then Z = i*Y ® Kx is tilting 
if and only if the following conditions are satisfied 

(1) Y is tilting; 

(2) Hornby, i l j\X[k}) = Ofor all k < 0; 

(3) Honhy{i*j*X,Y[k]) = Ofor all k < 0; 

(4) Hom x (X , j+K x [it] ) = Ofor all k<0. 

Proof. The induced silting object Z corresponds to the co-t- structure glued along and to the 
t- structure glued along %i from the respective structures on X and y associated with X and Y 
respectively. The statement that Z is tilting is equivalent to the statement that Z lies in the heart of 
(£>^ , 2^7°) which, by the description of the glued structures, translates into the conditions 

(i) i l Z G y^° n y-° or, equivalently, Y, i K x G y^° n y-° 

(ii) fZeX^ ; 

(iii) j+ZeX^°. 

To examine these conditions we will use the following triangle defining Kx 
(4.1) z*(WM -^K x ^ j*X — ► (i*p< i ! M)[l]. 

Condition (i) is equivalent to Y being tilting (corresponding to condition (1) of the theorem) and 
i l Kx G y^° n y-°. By applying r to the triangle <gj) we get that ri^ = p< r jiX G lT<o = IT"- . 
By remark 12771 (3<o corresponds to the stupid truncation in ( D b {End{Y)) and, therefore, rKx G 
ry<0 p| ty>o j s equivalent to the condition that i j\X G y-°. This can then be translated to the 
condition (2) of the theorem, by definition of the t-structure associated with a silting object. 

Clearly, since j* maps the co-heart in (D to the co-heart in X, (ii) is automatically satisfied for 
any silting Z and, thus, this condition is irrelevant. 

Condition (iii) is equivalent to Homx (X , j + Z[k]) = Womq)(j*X,Z[k]) = for all k < 0. By 
splitting Z into its summands i*Y and Kx and applying adjunction we get precisely conditions (3) 
and (4) of the theorem. □ 

Remark 4.2. To simplify our notation, we will use the fact (see [|6l section 1 .4]) that i* j* = i j\ [1] . 

In many important cases, the left side of the recollement is just given by (D h (K). 
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Corollary 4.3. Let be a recollement of <D = of the form (|Z7]), with X = <D b (C) and 

<y = D b (K). Let X be a silting object in X and Y = K. IfZ = i*Y ®Kx is tilting then there are 
finite dimensional K- vector spaces X'_ j , Xq such that i*j*X = X'_ i [ 1 ] © Xq. 

Proof. In view of remark 1431 the condition (2) of proposition 14. H is equivalent to H k (i*j*X) = 
for all A: < —1, since Y = B = K. Since the Serre functor of (D b (K) [ s isomorphic to the identity 
functor, the condition (3) of proposition 14. H is equivalent to Honw (Y[k],i*j*X) = for all k < 0, 
which is equivalent to H k (i* j*X) = for all k > 0. To summarise, if Z is a tilting object, then it 
follows from proposition [4j]that H k (i* j*X) = for k ^ —1,0. We are done. □ 

Example 4.4. Let R be the K-algebra given by the quiver with relations 




(3a, a8, 8y. 



The simple module Si supported at 1 is a partial tilting module of projective dimension 2. It has a 
minimal projective resolution over R given by the exact sequence 







Pi 



Pi 



■Si 







Rickard and Schofield showed in Il26l that Si cannot be completed to a tilting module over R. We 
will strengthen this result by showing that Si cannot be completed to a tilting object in T^{R). 

If e is the idempotent e2 + £3 then, as a right A-module, R/ReR is isomorphic to Si, which does 
not have self-extensions. It, therefore, follows from |[T2l theorem 3.1] and [|T3l section 2] that there 
is a recollement 



<D b (R/ReR) 



where 



(4.2) 



-® R R/ReR, 

-~® R l ReR R/ReR, 
KHom R (R/ReR,- 



f D b (R) 



Ji 



CD b (eRe) 



L 

-® eRe eR, 

L 

- ® R Re, 
RHom e fi e (i?e,-) 



Fix Y = R/ReR and let X E T^ieRe) be a silting object (e.g. X = eRe). Then theorem |3T| yields 
a completion Z = i*Y ®Kx of the partial silting object i*Y = Si into a silting object. However, as 
we will show, Z is never tilting and, thus, Si cannot be completed to a tilting object. 

Let T be a basic tilting object of 'D b (R) which contains Si as a direct summand. The functor j* 
factors through the canonical projection functor n : T^(R) — > £> fc (i?)/thick(Si), as follows 



<D b (R) 



lP{eRe) 



© & (7?)/thick(Si 
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Here thick(Si) is the smallest triangulated subcategory of (D b (R) containing Si and it is a silting 
subcategory of (D b (R). Thus, by flU theorem 2.37], the object X = j*(T) is silting in T> b (eRe) and 
T is equivalent to S\®Kx- Observe that eRe is the path algebra of the Kronecker quiver 

Y 

2 ; 3 . 



P 

We draw the component of the AR quiver of (D b (eRe) containing the preprojective modules 

4[-l] P>, P> 








I' 2 [-l] P' 2 P> 



where P 2 and P^ are respectively the indecomposable projective e/?e-module at the vertex 2 and 3. 
Let x = x e R e denote the Auslander-Reiten translation of ^(eRe). Then according to lETl lemma 
3.1], there exists p and q such that % p P 2 [q] is a direct summand of Kx- We claim that 



H n {fU(%Pp!M)) 



K if n = — q — 1, — q+ 1, 
otherwise. 



As a consequence of corollary H31 Si ®K X cannot be a tilting object, a contradiction. 

The claim follows from a direct computation, which we show only for P' 2 x = i~ x P 2 (it is analo- 
gous for others). For nGZ, we have 

H'\fh{P^)) =//" +1 (/ ! j,( J Pi 1 )) =H"+\RHom R (R/ReRJ [ (P^))) 

= //" +1 (RHom^(S 1 ,j ! ( J Pi 1 )))=Hom^ w (S 1 ,j ! ( J Pi 1 )[n+l]). 

We take a minimal projective resolution of P 2 j 

p^p^p^, 

where the underlined term is in degree 0. Applying j\ we obtain the following object in (D b {R): 

(I) 

P 2 ^P 1 ®P 1 . 

The above differential is injective and its cokernel has the following minimal injective resolution 

h®h@h h ®h®h h h h ■ 

Therefore j\(P 2 J is isomorphic to this complex in (D (R) and it follows that 



In using proposition 14. 1 1 we do not seem to be dealing with computations in (D. Still, these occur 
in the construction of Kx- This can be avoided by introducing the assumption that X is tilting. 
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Theorem 4.5. Let be a recollement of 2) = ^(R) of the form riZTl) with X = £> fo (C) and 
<y = D b (B). LetX and Y be tilting objects of X and y, respectively. Then Z = i*Y (BKx is tilting 
if and only if the following conditions are satisfied 

(a) Hornby, i*j*X[k)) = Ofor all k < -1; 

(b) Hom r (/*j;X,F[fe]) = Ofor all k < 0; 

(c) Hom r (f7*X,;*./*X[&]) = Ofor all k< -1. 

Proof. Condition (a) is obtained from (2) of the previous theorem by remark Pk2l and condition (b) 
corresponds exactly to condition (3) of the previous theorem. We will show that if X is tilting and 
(a) and (b) are satisfied then condition (4) of proposition 14. II is equivalent to (c). Indeed, if X is 
tilting, Hom.£)(j*X, j*X [k]) = for all k ^ and thus, applying the functor Homj,( _) to the k- 
th shift of triangle (I4TTT) . we get Yiom^ j*X,K x [k}) = Uom^j^X, (i$< i l j\X) [k]) for all k ^ 0, 1. 
Since (_/*, j + ) is an adjoint pair, this shows that condition (4) of proposition ^. H is equivalent to 

Hom^X, (i$< i-fX)[k}) = Homv(i*j*X, ((3< r j\X)[k}) = 0, V/c < 0. 

Applying the functor Hom<y(i* j*X,_) to the triangle 

$>ii l jiX)[k] -^vfX[k] — > j\X)[k\ — > ((3> 1 / ! j ! X)[fc+l] 

we get that Hom<y(i*j*X, $<qv j\X[k}) = Homry-(z*j'*X, rj\X[k}), for all £ < 0. Indeed, this follows 
from (b) after recalling that (3>ir j\X lies in 9Si, which by construction (see 12.31 ) is suitably gen- 
erated by (J / [n])n<o - showing that Hom^ (i*j#X, (P>i/ ! 7'iX)[/c-f 1]) = for all k < 0. Using again 
remark 1431 we obtain condition (c), thus finishing the proof. □ 

Before showing applications of this theorem, we discuss the behaviour of the Serre functor 
with respect to a t-structure corresponding to a tilting object. Recall from [|6l proposition 3.1.10] 
that for any bounded t-structure (£>-°, £>-°) in (D b (R) with heart 9L, there is a triangle functor 
real : <D b (R), t-exact for the standard t-structure (£>J°, £>|°) in £> b (A) and (2^°, 

in £> fo (tf), i.e., it is both right t-exact (rea/(2)J°) C ©- ) and left t-exact (rea/(©|°) C <D-°). 

Lemma 4.6. Lef (2? , £>-°) £e a bounded t-structure in wzY/z associated basic silting 

object T. Let Sr be the Serre functor of(D b (R). Then the following are equivalent: 

(1) T is tilting; 

(2) Sr is right t-exact; 

(3) Sr(T) lies in the heart. 

Proof. (1) (2): Suppose T is tilting. Let T =End^ b{R) (T) and let (2?f°, be the standard 
t-structure in ©*(r). Then, by [2, theorem 6.6], the realisation functor is a t-exact equivalence. 
Therefore, realoSy = SRoreal (since Serre functors are unique) and real((D^°) = (D-°. Note also 
that Sr preserves the standard aisle in ©*(r) since it can be realised as a derived tensor product 
with a bimodule. This is enough to observe that Sr is right t-exact, since 

S R (<D^°) = S R (realCD^ )) = real{S T {D^)) Q real^f) = 2^°. 

(2) => (3): For any K G £>- _1 , Horn^^S^r) = Hom^^T,^) = 0, by definition of the 

t-structure associated to T (see subsection 2.3). This shows that SrT G (D-. If Sr is right t-exact, 
then S R (T) G ©- and, thus, S R (T) lies in the heart. 

(3) =>- (1): Suppose Sr(T) lies in the heart. By the definition of the t-structure associated to T, 
it is clear that Hom(r, T[k] ) = Hom(r, S R (T) [-k] ) = for all k ^ 0. Therefore T is tilting. □ 
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Proposition 4.7. Let H^be a recollement of CD = ^(R) of the form 42771) with X = (D b (C) and 
y = T) b (B). Let X and Y be tilting objects of X and y, respectively. If i*j*X is an element of 
^(B) such that Hornby, i*j*X[k]) is zero except for two consecutive values ofkE Z, then the 
family of silting objects (Z„ = /.. Y K x „ )„. -•; contains at least one tilting object. 

Proof. Let (IT- , 9^°) be the t-structure associated with Y. By definition of the t-structure asso- 
ciated to Y, Hornby, i*j*X[k]) is nonzero exactly for two consecutive values of k G Z if and only 
if there is a e Z such that i*j*X G J- a n y^ a+l . Since Y is tilting, by lemma EE 

we have that 

Syi* j*X G y- a+l . In theorem |4~51 condition (a) can be reformulated as i*j*X G y~~ l and con- 
dition (b) as Syi*j*X G Note that, once condition (c) is satisfied for some X [n] it is satisfied 
for all its shifts. By theorem 1431 Z„ is tilting if and only if 

(a) i*j*X[n] G y~ , which means that a — n> —1 or, equivalently, n<a+l; 

(b) Syi*j*X[n] G y~° which is guaranteed if a + 1 — n < or, equivalently, n > a + 1 

(c) Homy(i*j*X, i*j*X[k}) = for allfc < -1. 

Therefore, take n = a + 1 and we only need to check condition (c). It, however, is automatic from 
our assumption that i*j*X has cohomologies with respect to (y- , y~°) concentrated in exactly 
two consecutive degrees, thus finishing the proof. □ 

Remark 4.8. In the family (Z n ) ne z there may be more than one tilting object. Let a be the maximal 
integer such that i* j*X G y~ a and b be the minimal integer such that Syi* j^X G y- . Then Z„ is 
tilting if and only ifb<n<a+l. 

From the proof above, we see that, for X and Y tilting, whenever i*j*X lies in y-° fl y~~ l 
(i.e., the cohomologies of i*j*X with respect to Y lie in degrees —1 and 0), the induced silting 
Z = UY @K X is tilting. Since i*j* = the condition is equivalent to that i j\X G y- 1 ny-° 

which, in its turn, is equivalent to Homy(Y, i j\X[k\) = Hom<£,(i*Y : j\X[k\) = whenever k ^ 0, 1. 
Under this assumption, we can apply the construction from [3 J (theorem 2.5) to the pair T\ = j\X 
and T2 = i*Y. A similar construction was studied in [20] in the setting of triangular matrix rings. 

We briefly recall the construction in |J3]. Since (j\,j*) is an adjoint pair in the recollement (of 
the form (EQ >), Hom< D (j ] X, i*Y[k]) = Hom x (X, j*i*Y[k]) = for all k G Z. Let m be the dimension 
of Hom< D (z*y, j'iX[l]) and takeabasis 0Ci,...,0C m : i*Y — > j\X[l]. Consider the universal maps 

a=(ai,...,a m f : UY® m -> j,X[l], 
P=(a b ...,a m ) : i*Y ^j { X[lf m . 

The map a is left-universal, i.e., that the induced map 

Hornby, a) : Hom q) (hY 1 iJ® m ) -+ Hom 2 ,(/,y,; ! X[l]) 

is surjective. Similarly, the map [3 is right-universal, i.e., the induced map 

Hom((3,j ! X[l]):Hom c (7 ! X[l] ffim ,; ! X[l])^Hom2 ) (^y,j ! X[l]) 

is surjective. Consider the triangles determined by a and [3: 

T a : M^C^i^AjiXll], 

Tp : ; ! X em ->■ C 2 ->• z'*y ^> j!X[l] em . 

Theorem 2.5 in [|3) asserts that i*y ®C\ and jiX ©C2 are tilting object in D. 
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The next proposition proves that the tilting object i*F® C\ is precisely the silting (indeed tilting) 
glued from X E X and Y Ef with respect to the recollement and j\X ©C2 is the silting (indeed 
tilting) glued from X E X and Y E^ with respect to the upper reflection %. As a consequence, 
under the condition of proposition 4.5, we are not only able to glue tilting objects in the original 
recollement H^, but also in the upper reflection Ufa . 

Proposition 4.9. Let H^bea recollement of r D=(D b (R) of the form (|2J]), with X= ( D h (C) and J = 
T) b {B). LetX and Y be tilting objects of X and ( J r , respectively, such that Hornby, i* j*X[k]) = 
for all k y£ 0, — 1. Then, up to multiplicity, the tilting object i%Y @C\ coincides with Z = i*Y @Kx 
of theorem \3.1\ and the tilting object j\X®C% coincides with Zu = j\X Q)Ky of corollary \3.4\ 

Proof By hypothesis, i*j*X E H for the t-structure (^- , <f -°) associated with Y. We 

will prove that C\ satisfies the conditions (i) - (iii) for Kx in proposition 13.61 (3). It follows then 
i*Y ©Ci lies in the glued co-heart of £> and it generates i*Y © j\X, thus generating the whole of r D. 
Therefore, up to multiplicities, it coincides with the glued silting Z = i*Y @Kx- 

For condition (i), we apply j* to the defining triangle T a of C\ and obtain that j*C\ = j*j\X = X, 
since j*i* = 0. For condition (ii), we apply i* to T a and obtain that i*C\ = i*i*Y® m = Y® m E 9So, 
since = 0. For condition (iii) we apply v to T a and obtain a triangle 

i jiX vCi rij® m ^ i l j\X[l}. 
By applying Hornby, — ) to this triangle, we obtain a long exact sequence 

... -> Homy (y,/ ! /,y ffim ) ^hnom<y(YJ ] j,X[\}) ^Ho mj (y,rCi[l]) ^ Hornby, n*y[l]®" 7 ) ->• ... 

For k > 0, we have Homy(Y,fi*Y[k] (Bm ) ~ Hom^ ( Y,Y [k] ® m ) = (since, by assumption, Y is 
tilting) and for k > 1, Hornby, vj\X[k]) = (by our assumption on i*j*X = vj\X[l]). Hence, 
Hom ; j-(y, i C\ [k]) = 0, for all k > 1. By adjunction there is a commutative diagram 

(roc), : Hornby, r/,y ffim ) »- Hom^rjiXfl]) 



a* : Hornby, /*y® ra ) Hom< D (/*y,7' ! Z[l]). 

Since, by construction, a is left-universal, i.e., a* is surjective, it follows that (ra)* is surjective. 
Hence, we get Hornby, rCi[l]) = and, thus, vC\ E IT"- = f<o- The proof for statement about 
j\X ©C2 is analogous. □ 

5. The hereditary case 

In this section, assuming that R has finite global dimension, we apply theorem |4~51 when B is a 
hereditary algebra. The conditions for the glued silting to be tilting are then easier to handle. 

Proposition 5.1. Let K^be a recollement of (D = CD b (R) of the form ri2.il) . with X = £>*(C) and 
<y = D b (B). Let X be a tilting object in X and Y = B. Assume that B is hereditary. Then Z = 
z*y ®Kx is tilting if and only if there are finitely generated B-modules X'_p Xq and X[ such that 

• i*j*X is isomorphic to X'^l] ®Zq®Z{[-1]; 

• X[ is either zero or not projective; 

• Hom s (X^Xij) =0. 
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Proof. We analyse the conditions of theorem 14.51 when B is hereditary and Y = B. Since B is 
hereditary, we may assume that i*j*X = © n eZ-^»[ — n ]» withX^ a finitely generated right 5-module 
for all n in Z. In this setting, Hornby, i*j*X[k]) = 0, for all k < — 1 is equivalent to 

Hornet {B) (5, \-n + k] ) = for all £ < - 1 

which happens if and only if X' k = 0, for all k < — 1 . On the other hand, the condition 

Homy(/*7*X,y[ib]) = Hom^ (je) (/*j'*X,5M) = 0, for all & < 

can be reformulated, using the Serre functor 5s in (Er(B), by 

Hom^ (5) (fi,S B (i*7*X)[fe]) = 0, for all fc > 0. 

It is well known that Sg = [1] o % B , where Xg is the Auslander-Reiten translation in (£r(B) and, thus, 
the statement above is equivalent to 

Hom^ (B) (B, 0x B (X^) [-n + k + 1]) = 0, Vfc > 0, 

i.e., = 0, for all A: > 1, and X[ is not a projective 5-module. So, (a) and (b) of theorem |431 hold 
if and only if i*j*X = X^-Jl] ©Xq ©X{ [— 1] , with X[ not projective as a 5-module. Assuming this, 
we can easily unfold the last condition of theorem |431 as follows 

Komy{i* j*X,i* j*X[k]) = 0,VJfc < -1 Hom !D6(B) (Z 1 / ,Xi 1 ) = 0, 

thus finishing the proof. □ 

As a nice corollary, we obtain a necessary and sufficient condition for the case r = ( D b {K). 

Corollary 5.2. Let H^be a recollement of £> = d^(R) of the form 42771) . with X = (D b (C) and 
<y = D b (j£). LetX be a tilting object in X and Y = K. Then Z = i^Y @Kx is tilting if and only if 
there are finite dimensional K- vector spaces X'_^Xq such that i*j*X = X'_ x [\] @X'q. 

Example 5.3. Let R be the path algebra over K of the quiver 1 >- 2, of type A%. Let e = e\ be 

the trivial path at the vertex 1 . Consider the following standard recollement 

i* h 
•D b (R/ReR) - > <D b (R) ^ ^(eRe) , 

r j* 

where the six functors are defined as in (14.2b . Let D denote the functor Homi(-, K). It is easy to 
observe that: 

(1) as algebras both R/ReR and eRe are isomorphic to k; 

(2) as an i?-module eR is the simple module Si, supported at the vertex 1, and has an injective 
resolution (D{Re) ^ D{R{\ - e)))\ 

(3) as an 7?-module R/ReR is the simple module S2 supported at the vertex 2. 

Fix Y = R/ReR and X = eRe. Then, in D b (R), we have 

ijX = i\eR) = RHom R (R/ReR,eR) 

= (UomRiR/ReR.DiRe)) ->• Uom R (R/ReR,D(R(\ - e)))) 
= R/ReR[-\}. 

15 



By corollary 15.21 there are exactly two tilting objects in {Z„ = i*Y ®K X [ n \ : n E Z}. We construct 
this family using theorem I3T1 For n E Z, we can choose the map $>i(fj\X{n\) — > vj\X[n] to be 

R/ReR[n - 1] 4 R/ReR[n - 1] if n < 0, 
0^R/ReR[n- 1] ifn>0. 

By adjunction we have a bijection 

Hom(^p> 1 (rj ! X[n]),; ! X[n])^Hom(p> 1 (rj,X[n]),/7 ! X[n]). 

If n > 0, this adjunction morphism is 

Hom^ {R) (S 2 [n-l],Si[n]) ^ Hornet {R) (R/ReR [n - 1 ] , R /ReR [n - 1 ] ) . 

Both vector spaces are 1-dimensional over K. Let / be the preimage of id R / ReR [ n _^ . Then the cone 
of /[— n] is (1 — e)R, the projective cover P2 of 52- If n < 0, the above adjunction morphism is 

Uom V b^(0,Si[n]) Hom^^O^/^eft^ - 1]). 
Thus a morphism i$>i(rj\X[n]) — > j\X[n] as in theorem I3TI is (see remark I3T2T ) 

S 2 [n-l]ASi[n] ifn<0, 
0->Si[n] ifrc>0. 

Therefore 

= l> 2 [n] ifn<0, ^ z = {s 2 ®P 2 [n} if«<0, 
X[n] [Si[n] ifn>0, " [5 2 ©5i[n] ifn>0. 

Among these silting objects, Zq = S 2 ®P 2 and Z\ = S 2 ® Si [1] are tilting objects. 

6. HRS-TILTS AND RECOLLEMENTS 

In this section we show that HRS-tilts of t-structures with respect to torsion theories ([Q~5]) are 
compatible with the glueing of t-structures via recollements. Our notation is fixed as follows. 

• © is a triangulated category admitting a recollement ^ of the form (12.11 ); 

• {D r ~ Q , D r ~ Q ) an d (X-°,X-°) are bounded t-structures in f and X respectively; , 

• is glued from (9^°, and (X^°,X^°) (theorem 

In fact (see 0, B2TJ), (®-°, is glued with respect to ^ if and only if j\j*(<D-°) C 2>-° (or, 
equivalently, if and only if 7*7* (!D- °) C £>-) in which case the restrictions to and X satisfy 

r <o = / * (2) <o )) r >o = . !( ^>o )5 

Let and Sl x be the hearts of these t-structures. In [6., section 1.4], it is shown that there 

is a recollement of abelian categories at the level of hearts 

Pj* /J! 

(6.1) % — — 

We describe these functors explicitly. Let : .%> <— > T> denote the full embedding (similarly 

Zj : Rsy <— > <y and £^ : &x ^ -^0 an d l et ' ® ~~ -^£>' z e ^' denote the cohomological functors 
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with respect to the fixed t-structure in © (similarly H l y and H l x for the t-structures in y and X). 
Then the functors in the recollement (|6.1I ) are given by 

Pf =H^o i* o 8©, = Hy-o r o 8®, P U =H%o U o Ey, 

P j\ = H %° j\ ° p j* =H%o fa o e x , p j* =H° x o j* o e®. 
See |[T4l for more on recollements of abelian categories. 

Remark6.\. Since for our fixed t-structures, and j* are t-exact (see, forexample, [21] for details), 
we have that p i* = /* o Zy and p y* = j* o e<p. As a consequence, these two functors are exact. 

Moreover, for any object A in Ap there are exact sequences 

(6.2) PUH~ lp fA -+Pjf j*A — > A — > ^/f A , 

(6.3) *Vz ! A ->■ A ->■ p j* p fA p UHj p fA . 

Torsion pairs in .%> satisfying certain conditions can be restricted to torsion pairs in J3ry and J^. 

Lemma 6.2. Le? (CT, jF) £>e a torsion pair in .%>. TTzen 

(1) ( p i*( t T), p i-(y r )) is a torsion pair in Ay; 

(2) the following are equivalent: 

(i) ( p 7* (T) , p j*(^)) is a torsion pair in A x , 

(ii) p p p f{<I)Q?, 

(iii) p j* p f(?)Cf. 

Proof. (1): We first check the orthogonality condition for ( p z'*('T), p r (^F)). We have that 

Hom^(^(T),^ ! (J))=Hom^(a^( , r)///r(^)) 

since p i* is fully faithful. Consider the exact sequence (16.21 ) with A £ T and apply to it the functor 
Hom^ D (— ,5) for some B £ jF. Since Hom j?2) (A,5) =0, we conclude that HomCi/i* (A), 5) =0, 
i.e., p U p f{fI) C T. Similarly p i* p i l (?) C J and, thus, Hom^zV^CTyV'r^)) = 0. 

Secondly, we produce a suitable short exact sequence for any object in By (61 remark 
1.4.17.1], p i*(Ay) is a Serre subcategory of Aq> and, thus, for a short exact sequence in (D, 

M lies in the p i* (Ay) if and only if so do K and L. Let M £ Ay and consider a short exact sequence 

Mi p z*(M) -> M> -»> 

in j?© with Mi £ T and M2 £ ^F (which exists since (T, ^F) is a torsion pair in £>). Since p i*(Ay) 

is a Serre subcategory of A®, there exist Mi,M 2 £ such that Mi = p z*(M,-) for z = 1,2. Now, 
p z* is an exact full embedding (see remark 167Tb and, thus, we get a short exact sequence in Ay 

-»■ Mi -»■ M -»■ M 2 -»■ 0, 

with Mi = p i* p k(Mi) = p f(Mi) £ V(f ) andM 2 = p i ]p h(M 2 ) = p v(M 2 ) £ p z ! (5). 

(2): By remarkloTTl p f : An ->■ .flr is exact. Therefore, ( p j*(T), p f(!f)) is a torsion pair in .% 
if and only if the orthogonality of the torsion pair is preserved, i.e. Hom^ x ( p j* (T) , p j* (If)) = 0. 
Using the adjunctions ( p j\, p f) and ( p j*, p j*), this holds if and only if Hom^(^7*(T),5) = 
(equivalent to (ii)) and if and only if Horn^T,^'^ j*(!f)) = (equivalent to (iii)). 

□ 
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When the conditions of part (2) of the lemma are fulfilled, we say that (T, f) is compatible with 
the recollement (I6.ll ). We will see that this compatibility condition is the exact requirement on a 
torsion pair so that the corresponding HRS-tilt of a glued t- structure is also obtained by glueing. 

Proposition 6.3. A torsion pair (T, f) in ftp is compatible with respect to A6.1\) if and only if the 
corresponding HRS-tilt of ( 2)-°, 2)-°) is a t-structure glued with respect to the recollement d2.7D . 

Proof Let (T, J) be a torsion pair in ftp. Denote by (2)-°, 2)-°) the corresponding HRS-tilt, 
i.e., using the cohomological functors H\i G Z, of the t-structure (2)- , 2)-°), 

i><° = {x e T> I #°(X) G T, H\X) = 0,Vi > 0}, 
©>° = {XG!D|r 1 (X)6f,tf(I) = 0,Vi<-l}. 

By 01, the HRS-tilt is glued if and only if j\f{2)-°) C 2)^ . Denote by x-" 1 the truncation 
associated to (2)- , 2)- ). For any X G 2)-°, there is a triangle in © of the form 

x^X ^H°X ->■ (x _1 X)[l], 

since, by definition, 2)- C 2?- . Applying to it the functor we get another triangle 

j d *(x^- 1 X)^j l f(X)^j l f(H X)^j l f(x^- 1 X)[l}. 

Since (2)^,2^°) is glued, jij*^' 1 ) C 2^ _1 C 2)^°. Hence, ././(x^X) G 2)^° and, thus, 
j\j*(X) G 2?-° if and only if j\j*(H°X) G 2)-°. Since X is arbitrary, this means precisely that 
can be restricted if and only if the torsion pair (T, ff) is compatible with (16.11) . □ 

The question that naturally follows is whether, under the compatibility condition on the torsion 
pair in 2), the restrictions of the HRS-tilt of a glued t-strucutre in 2) are precisely the HRS-tilts of 
the restricted t- structures on f and X with respect to the restricted torsion pairs. 

Theorem 6.4. Let (T, f) Z?e a torsion pair in ftp, compatible with (16.1\) and with restrictions 
(Try, <f<y) and (T x , fx) in fty and ft x respectively. Let (9^-°, 9^-°) and (X-°,X- ) be the cor- 
responding HRS-tilts ofiy- ^- ) and(X^° L X^°) respectively. Then the HRS-tilt (2^°, 2)^°) 
is obtained by glueing (9^"°, r ~°) an d (^K"— °, y~ °) wzY/z respect to the recollement f l2.il) . 

Proof. Let ff^,, //^ and z G Z, denote the cohomological functors associated with (2)-°, 2>-°), 
(X-°, and (IX- , 17" -°) respectively. We have to show that the following holds: 

(i) =x^°, j*(p*°) = x-°; 

(ii) = ir- , r(2^°) = <y- Q . 

By definition, we have 

/(2^°) = {/(X) | X G 2), f/° (X) G T, = 0,Vi > 0}, 

and, since j* is t-exact (0), H x (j*X) = fiflipiX)), thus showing that 

C {/ (X) | X G 2), (/X) G j*T, = 0,Vi > 0} = X^°. 

Similarly, we get that 

/(2^°) C {/(X) | X G 2), H x \fX) G /T, ^(/X) = 0,Vi < -1} = 
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Since (T , !f) is compatible with the recollement, by proposition |63] the HRS-tilt (CD-, (D-) can 
be restricted and, thus, (/*(2>-°), j*(2>- )) is a t-structure in X. Since f(i>-°) C we also 
have that 7*(£>-°) D X-° and, thus, f(i>-°) = X-°. This proves (i). 

To prove (ii), observe that i* is right t-exact (i.e., /*(2)-°) C y- ) and that 

i*(i><°) = {i*(X) \X eD, H%(X) G T, H^X) = 0, Vi > 0}. 

By d (proposition 1.3.17 (ii)), for X G ©- C 2>^°, fl£(i*(X)) = p i*H^(X) which belongs to 
p i*(T). Since j*(2)^ ) c i* (2>^°) C 9^°, we get that H l ^(i*T>^ ) = 0, for all / > 0, and thus 

j*(2>-°) c {f (X) | X G 2), fl§r(i*X) e p ?t, /^(fx) = 0, V/ > 0} = 

Analogously, we may conclude that 

C {/*(X) | X G <D, H~ l (i*X) G p i*?,H!y(i*X) = 0,Vz < -1} = Cf- . 

The same argument as before shows that an equality holds, as wanted. □ 

The previous result showed that an HRS-tilt with respect to a compatible torsion pair is glued. 
We may now ask whether HRS-tilts on the sides of the recollement (|2.1I) glue to an HRS-tilt in the 
middle. The following proposition answers this question positively. 

Remark 6.5. HRS-tilts span an important class of t-structures. In fact, it is known from [7 , theorem 
3.1] and [|29l proposition 2.1] that, for a bounded t-structure (2)-, 2>-°), the bounded t-structures 
(C-°, C-°) such that 2>^ 1 C C-° C 2>^° are precisely those obtained from (2>^°, 2>^°) by an 
HRS-tilt with respect to a torsion pair. 

Proposition 6.6. Let (Ty, fy) and (Tx, 7x) be torsion pairs in Ay and Ax respectively. Then 
(T , !f) defined by 

T = {AeA D \ p fAeT 7 , p fAeT x } 
7 = {AeAv\ p i-Aefy, p fAef x }. 

is a torsion pair in A®, compatible with A6.1\) . whose restrictions are given by [Tx,7x) and 
(Ty, fy), and the HRS-tilt of (CD- , 2>-°) with respect to (T, f) is the glueing of the HRS-tilts of 
(y- ^- ) and (X-°,X-°) with respect to (Ty, %) and (T x , fx) respectively. 

Proof. We will use remark 1631 to show that (T , If) is a torsion pair, i.e., we will show that the 
pair {&£y:y formally defined as the HRS-tilt of (2>-°, <D-°) with respect to (T, f) is a 

t-structure (satisfying 2>^ 1 C Dp ^ C 2>^°). Denote by (l/- ,^- ) and (X^°,X^°) the HRS- 
tilts of (y-°,y-°) and (X^°,X^°) at (Ty, Ty) and (T x , f x ) respectively and let (2^°, 2>°) be 
the glueing of (J"-®, f- ) and (X-°,X-°) with respect to the fixed recollement, i.e., 

2)^° = {xe£>\e(x)ey^°,f(x)ex^ } 
2)^° = {xe(D\v(x)ed r -°,f(x)ex^ }. 

We will show that (£>^°, 2)^°) = (&p 7 y ®p ?))■ As usual, fl^ and Hjy, i G Z, denote the 
cohomological functors associated with (2>-°,2>-°), (X-°,X-°) and (17"-°, IT"- ), respectively. 
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First we show that ^ 7) is a subcategory of £>^°. Take X in ©^^(C 2)^°). Since f is 
right t-exact, i* (X) lies in 9^°, i.e., Hjy(J*X) = 0, for all i > 0. By © (proposition 1.3. 17(h)), 
fljj, = i*H^(X) lies in f (T) C 1^, showing that G r -°. Since / is t-exact, we have 

H x (j*X) = f H v( x ) = °. for a11 * > °> and = J* H U X ) lies in /CO ^ ^ Le - ■/'** e 

X-°. Hence X G 

Now we prove that is a subcategory of f D^ Take X in By definition of HRS-tilt, 

we have that 9^° C f-° and X-° C X-°. This implies that £>-° C <D^° and, hence, //^,(X) = 0, 
for all i > 0. By JU (proposition 1.3.17(h)), we have p i*H^(X) = H^(i*X) which belongs to Ty. 
By the t-exactness of f, p j*H^{X) = H x (j*X) which, thus, belongs to 1 X . This means that, by 
definition of T, H^(X) belongs to T. Thus X belongs to <D^° and £>^° = 0^?^, as wanted. 

It remains to show that ( ( T,!F) is compatible and that the restrictions are as expected. By 
lemma 16/21 we need to show p j\ p j*T C T. This is true since, for any A G T, p i* p j\ p j*A = 
and Pj*Pj,Pj*A = p j*A C It follows that ( p i*CT)/v(f)) and { p j*{?), p are torsion 

pairs in 9^" and X respectively. On the other hand, by definition of (T, jF) we have 

Pf(*)c<fy t Pi l (!F)cfy, 

p n<i)<z? x , pf{?)c? x , 

and, thus, the inclusions are actually equalities, as wanted. □ 

By subsection [231 we know that irreducible silting mutations correspond to HRS-tilts (see the- 
orem |2TT0l) in which either the torsion class or the torsion-free class are given by a simple object 
in the heart. We analyse such torsion pairs which are compatible with (16.11 ), which we will call 
mutation torsion pairs. 

Remark 6.7. Recall that there is a functor ji* : Sl x — > -%>, called the intermediate image functor, 
such that every simple object in .%> is either of the form z'*S for some simple object in 2by or of 
the form j\*S for some simple object in Six- F° r details, check [|6] section 1.4]. 

Proposition 6.8. Let ( ( T,J r ) be a mutation torsion pair in Sl^. Then ( < T,^F) is compatible with 
the recollement &6.1\) if and only if one of the following holds. 

(1) T = add(i*Sy) for some simple object Sy in Sly; 

(2) ¥ = add{i*Sy) for some simple object Sy in Sly; 

(3) there is a simple object Sx G S\ x such that p j\Sx is simple and T = addif j\Sx); 

(4) there is a simple object Sx G S\ x such that p j*Sx is simple and f = add( p j*Sx). 

Moreover, in each case, the restrictions are a trivial torsion pair on one side and a mutation torsion 
pair on the other. 

Proof. This can be showed using lemma 1631 on a case by case analysis of the possible mutation 
torsion pairs in Using remark 16771 we get the following four cases, where Sy is a simple object 
in Sly and Sx is a simple object in S\ x . 

(1) Suppose that T = add(/*S>). Since 7% = 0, we have that p j\j*T = and, thus, the 
torsion pair (T, jF) is compatible with the recollement. The restriction to X is (0,X) and 
the restriction to y is the mutation torsion pair with torsion class 1^- = add(SV). 
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(2) Suppose that = add(/*Sy). Since j*U = 0, we have that p j*j* ( T = and, thus, the 
torsion pair (T, jF) is compatible with the recollement. The restriction to X is (X, 0) and 
the restriction to y is the mutation torsion pair with torsion-free class Jy = add(Sy). 

(3) Suppose that T = add(y't*Sx). By lemma |6\21 the torsion pair (T, jF) is compatible with the 
recollement if and only if p j\j*(j\*Sx) G add{j\*Sx)- Since 7*71* is naturally equivalent to 
the identity functor, this amounts to p j\Sx G add(j\*Sx), which is equivalent to p j\Sx — 
jl*Sx because j* p j\ is also naturally equivalent to the identity functor. The last condition 
holds if and only if p j\Sx is simple. This follows from the fact that there is always a natural 
epimorphism p j\Sx — > j\*Sx- The restriction to y is the pair (0,90 an d tne restriction to 
X is the mutation torsion pair given by the torsion class Tx = add(5^)- 

(4) Suppose that f = add(j\*Sx)- By lemma |6T2l the torsion pair (T, is compatible with the 
recollement if and only if p j*j*(j\*Sx) G add(j\*Sx). Since is naturally equivalent to 
the identity functor, this amounts to p j*Sx G add(j\*Sx), which is equivalent to p j*Sx = 
j\*Sx because j* p j* is also naturally equivalent to the identity functor. The last condition 
holds if and only if p j*Sx is simple. This follows from the fact that there is always a natural 
monomorphism j\*Sx — > p j*Sx- The restriction to y is the pair (900) and the restriction 
to X is the mutation torsion pair given by the torsion-free class = add(Sx). 

□ 

Suppose now that (D has a Serre functor. We finish this section with an observation on the com- 
patibility of irreducible silting mutation with glueing (via the recollement %j, since our focus is 
on t-structures rather than co-t-structures). Note that, in general, items (3) and (4) of the proposi- 
tion above will not occur. Therefore, translating items (1) and (2) of the proposition in terms of 
irreducible silting mutation, we get the following corollary, also appearing in [JT] (lemma 2.40). 

Corollary 6.9. Let Y and X be the sUting objects associated to the fixed bounded t-structures in 
y and X, respectively. Suppose Y' is an indecomposable direct summand ofY. Let Z be the glued 
silting object with respect to the recollement %j (i.e., compatible with the glueing of t-structures 
via %) ofY andX. Then there is an indecomposable direct summand Z' ofKy such that the glued 
silting ( with respect to %j) of/jy,Y ( respectively, p.y,Y) andX is precisely n^Z ( respectively, n z ,Z). 
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